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A mechanical geometric crystal growth model is developed to describe the crystal length and radius evolution. The crys-
tal radius regulation is achieved by feedback linearization and accounts for parametric uncertainty in the crystal growth
rate. The associated parabolic partial differential equation (PDE) model of heat conduction is considered over the time-
varying crystal domain and coupled with crystal growth dynamics. An appropriately defined infinite-dimensional repre-
sentation of the thermal evolution is derived considering slow time-varying process effects. The computational frame-
work of the Galerkin’s method is used for parabolic PDE order reduction and observer synthesis for temperature
distribution reconstruction over the entire crystal domain. It is shown that the proposed observer can be utilized to
reconstruct temperature distribution from boundary temperature measurements. The developed observer is implemented
on the finite-element model of the process and demonstrates that despite parametric and geometric uncertainties present
in the model, the temperature distribution is reconstructed with the high accuracy. VC 2014 American Institute of Chemi-

cal Engineers AIChE J, 60: 2839–2852, 2014
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Introduction

The Czochralski (Cz) crystal growth process is a well-
known crystallization process to grow and produce single
crystals. The process starts with inserting a small crystal
seed into heated melt and the crystal seed is slowly drawn
out of the crucible, with heated melt of crystal material,
allowing the melt to solidify, and grow at the melt-crystal
interface. Due to continuous and unbroken crystal lattice in
single crystals, produced crystals have unique mechanical,
physical, and electrical properties, which speaks for high
demand for quality grown single crystals in microelectronics
and optoelectronics, as well as demand for structurally robust
and high temperature resistant materials.1–3

Due to the nature of high-tech applications reflecting in
high quality of a grown crystal and high energy and time
consuming growth process, there are manufacturing concerns
that should be addressed in the Cz process. In particular,
crystal shape and geometry, as well as crystal quality, are
among the most important manufacturing concerns. The for-
mer is usually addressed by producing the crystal with con-
stant diameter to minimize machining waste. Along the
consideration of the crystal geometry from the standpoint of
manufacturing, the crystal quality is also defined by physical
properties of the produced crystal. Uniform composition,
dopant concentration, defects density, and residual stresses in

crystal are the most important properties that should be con-
sidered in a crystallization process, see [2–5].

In the Cz crystal growth process, the presence of solid and
liquid phases, melt fluid flow, thermal, and heat transfer phe-
nomena, solid–liquid interface, and pulling dynamics make
the modeling and control of the Cz process a challenging
task.6,7 Due to the crystal growth and phase transition
between solid and liquid phases, the crystal spatial domain
undergoes time-varying changes which brings complexity to
the process regulation. There are studies focusing on model-
ing and simulation of coupled phenomena together.8,9 How-
ever, for control and estimation purposes and specially for
model-based control/estimation, reduced order models are
required. Reduced order models are used for both radius and
temperature control purposes. For example, reduced order
models are developed and used by Irizarry-Rivera and Seider
for coupled radius and melt temperature control in the Cz
crystal growth process.10,11 In general, to achieve a simpler
model description, one can apply suitable assumptions to
decouple the thermal phenomena in the solid crystal and the
melt for the purpose of temperature observation/control in
the grown solid crystal. In particular, in this work, the tem-
perature control and/or estimation in a solid grown crystal is
formulated as a heat transfer model with interface phenom-
ena modeled as a Dirichlet boundary condition at the melt-
solid interface12–14 (for details see Eqs. 25–27).

Real-time knowledge of temperature distribution evolution
in crystal and its interfaces is necessary for monitoring and
control purposes. The temperature distribution and gradients
in crystal determine and influence residual stresses, crystal
oxygen, and dopant concentration and grown crystal defects
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concentration.3,15 However, temperature measurements over
the entire domain are not directly available and cannot be
realized in practice. In particular, possibly available and real-
izable temperature measurement is carried out at the grown
crystal boundary but cannot be used to construct the temper-
ature and temperature gradients directly. Moreover, all the
boundary temperatures are not available for direct sensor
applied measurements, namely bottom boundary is the melt-
crystal interface and the top is used for installing pulling
devices. Usually, the only available temperature measure-
ment is at the cylindrical surface of the crystal, and to recon-
struct temperature profile over the entire domain and
boundaries, an estimation strategy is required.

A boundary and in-domain state estimation/reconstruction
and control strategies for parabolic partial differential equa-
tion (PDE) systems are well developed and make an active
research area, see [16–18]. For example, there are several
contributions on control problems with fixed spatial domain
for linear PDEs,16,17,19 nonlinear PDEs,20–22 problems with
spatially distributed actuation,17,19,23 and boundary control
problems.20,21,24 Despite distributed parameter control strat-
egies, state estimation algorithms for parabolic PDEs are less
developed and are of interest in the context of temperature
estimation in the crystal growth process. In particular, Xu
et al.25 provide a simple observer for dissipative bilinear sys-
tems with weak error convergence to zero. The Luenberger
observer synthesis is used by both Vries et al.26 for state
estimation of the Sturm-Liouville systems, and Li and Xu27

for a higher order PDE describing the rotating body-beam
system. Harkort and Deutscher28 have developed an
observer-based controller framework for Riesz-spectral sys-
tems. Along the same line, Hagen et al.29 have studied the
observer and control design using spillover analysis for a
class of PDEs with periodic boundary conditions. State esti-
mation of the systems governed by parabolic PDEs on a
fixed domain are well developed, however, there are limited
contributions on parabolic PDEs with a moving boundary
setting.

Moving boundaries and time-varying parameters bring
complexity to the system that needs to be addressed in the
control and estimation framework. There are several works
focusing on controller design for time-varying parabolic
PDEs. For example, Armaou and Christofides have reduced
a 2-D heat transfer model in the Cz crystal growth process
to a 1-D model, and then synthesized a controller to regulate
temperature distribution in the crystal.14 They also provided
a nonoptimal stabilizing robust control law for moving
boundary crystal growth problem.30 Wang studied various
optimal controller synthesis for stabilization and control of
distributed systems with time-dependent spatial domains, see
[31,32], while Ng and Dubljevic contributed on optimal
boundary control of the Cz crystal growth process with time-
varying spatial domain coupled with pulling dynamics, see
[12, 33]. In the former contributions, the developed control
laws require full state knowledge of the process which moti-
vates this contribution to reconstruct the entire temperature
field in the Cz process from the boundary measurement.

In the Cz process, the boundary movement is the result of
the crystal growth in both radial and axial directions. The
time evolution of the solid crystal determines the crystal
shape and consequently, the spatial domain of the governing
temperature evolution equations. The radius regulation and
estimation in the Cz process have attracted several research-
ers. There are early works on radius regulation, for example,

Gross and Kersten34 worked on the crystal radius control and
Jordan et al.35 used the crystal weight signal as a measure-
ment for control purposes. Recently, Winkler et al.5,36 revis-
ited the radius control and estimation problem, provided a
modeling approach based on capillary forces and a nonlinear
approach combined with a conventional PI controller to esti-
mate and regulate the crystal radius. Neubert and Winkler37

introduced parameters such as thermal conductivity, latent
heat, average axial thermal gradients, and actual growth rate
to refine the scheduling of a Proportional Integral (PI) control-
ler for better performance. Hence, one concludes that the
growth dynamics and the temperature distribution evolution in
the crystal are coupled in the Cz process, however, this cou-
pling is not taken into account in the aforementioned works.

In this article, a mechanical-geometric crystal growth
model is developed based on the constant crystal growth
rate, then assuming a large parametric uncertainty in the
growth rate, a robust controller synthesis is provided using
the input–output linearization for crystal diameter tracking.
Time-varying radius and crystal length evolution, obtained
from a nonlinear mechanical-geometric radius evolution
model, determine the spatial domain of the underlying heat
transfer model which leads to the time-varying boundary
parabolic PDE model of the temperature distribution evolu-
tion which can be expressed with operators and embedded in
an infinite-dimensional PDE setting. The governing tempera-
ture evolution is approximated by a time-varying parabolic
PDE model on a rectangular domain and a finite-dimensional
representation of the PDE model is derived using Galerkin’s
method. The effect of time-varying domain is investigated
and is taken into account to obtain the low dimensional
model. An observer is synthesized using a reduced finite-
dimensional model to reconstruct the entire temperature dis-
tribution by using physically realizable temperature measure-
ments. The separation principle is examined and shown to
hold to utilize the proposed observer in the output feedback
control synthesis. In addition, a finite-element method (FEM)
model of the crystal growth process is used to numerically
simulate the temperature evolution in the solid crystal on the
nontrivial and time-varying domain. The developed FEM
model is used as the actual process to evaluate and verify
the performance and efficiency of the temperature
reconstruction.

The temperature distribution evolution in the crystal
affects the crystal quality in two ways. The first is through
influencing the formation, diffusion, and aggregation of point
defects and atomic oxygen in the crystal.38 The second is
through the residual stresses in the crystal that occur during
crystal cooling. An accurate dynamic model of the point
defects in the crystal requires the knowledge of temperature
distribution over the crystal. This article focuses on the tem-
perature estimation, and it is a basis for extending this work
to control and optimization of residual stresses and point
defects through manipulating the temperature distribution.
The temperature control can be done to minimize the forma-
tion, diffusion, or aggregation of point defects and also to
optimally control the cooling process to avoid residual
stresses in the crystal.

The provided methodology for the temperature reconstruc-
tion from boundary measurements can be extended to other
chemical engineering processes with time-varying domain
and especially with moving front and other material process-
ing applications with same governing equations such as
Bridgman crystal growth process and/or steel slab
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annealing.4,39 This article is focused on Cz crystallization
process to cover more issues in practical implementation.
Furthermore, the observer synthesis is developed based on
reduced order Galerkin’ model and finite-element model
realization is provided to verify both the reduced order
model and the observer. Hence that, finite-element realiza-
tion is shown to be a suitable numerical approach for model-
ing and simulation of the Cz crystal growth process by
comparing and validation of FEM results with experimental
and/or numerical data carried out by different contribu-
tors.40–43

The organization of the article is as follow: after the Intro-
duction, in Crystal growth model and radius regulation sec-
tion, translational mechanical-geometric dynamic model for
the Cz process is derived and the controller synthesis is pre-
sented to maintain constant crystal diameter in the presence
of parametric uncertainty. In Heat transfer model section, the
solid crystal heat transfer model is presented and the bound-
ary conditions are defined. The infinite-dimensional PDE
model representation with defined spatial operators is devel-
oped along with the model reduction using Galerkin’s
method and the influence of time-varying effects is
described. Observer design and temperature estimation sec-
tion provides the observer design, FEM model, and the
implementation of the estimation strategy. Numerical simula-
tion results are presented in Numerical simulation results
section.

Crystal Growth Model and Radius Regulation

In the Cz crystal growth process, the crystal is slowly
pulled out of the melt, allowing solidification of crystal at the
crystal-melt interface. Mechanical pulling rate influences the
crystal profile and determines the shape of the crystal. The
crystal radius and growth can be regulated by a conventional
Proportional Integral Derivative (PID) controller,3,15,44,45 how-
ever, for more precise control, model-based approaches can

be utilized. Model-based control approaches have attracted
more attention recently, for example, Winkler and coworkers
focused on nonlinear model-based control and estimation of
the Cz process.5,36,37 As for the model-based control, a sophis-
ticated process model is required to achieve desired perform-
ance. In this work, a new approach is used for radius
regulation. The influence of temperature distribution and heat
transfer phenomena on crystal growth are seen as an uncer-
tainty in the crystal growth rate. Then control synthesis is pro-
vided to compensate for large parametric uncertainty in the
growth rate. The crystal growth model is derived assuming
that the crystallization rate is constant, the deviation from the
nominal growth rate is considered as parametric uncertainty
and then the control synthesis is provided.

First principal crystal growth model

The translational movement has direct influence on the
crystal surface profile and affects the crystal radius.5 Crystal
growth is modeled based on conservation of mass and New-
ton’s second law. The schematic of the crystal pulling
dynamics along with the notations are presented in Figure 1.
In deriving a dynamic model, the melt-solid interface is
assumed to be a horizontal plane.46

Assuming the same density for both the solid crystal and
melt, the total volume (Vt) is constant during the process,
that is

Vt5Vc1Vm1Vl (1)

where Vc is the volume of the solid crystal, Vl is the melt
volume, and Vm is the meniscus’ volume. Eq. 1 can be writ-
ten as

Vt5

ðt

0

pRc:i:ðsÞ2 _lðsÞds1Vm1pR2
cruc:ðh2ðtÞ2lðtÞ2hðtÞÞ (2)

where Vc5

ðt

0

pR2
c:i:

_ldt and Vl5pR2
cruc:ðh2ðtÞ2lðtÞ2hðtÞÞ. The

schematic of the crystal and crucible is shown in Figure 1.
Total mass is constant and assuming a constant volume for

the meniscus, then _V t50 and mass conservation can be writ-
ten as follows

_h2ðtÞ5 _lðtÞð12
R2

c:i:

R2
cruc:

Þ (3)

where Rc:i:ðtÞ is the crystal radius at the interface. Con-
versely, the total mass subjected to motion is the crystal
mass which is given as follows

Mc5qcVc5qc

ðt

0

pRc:i:ðsÞ2 _lðsÞds (4)

and the crystal velocity is the average of the velocity at two
crystal ends and is given as

vc5 _h2ðtÞ2 _lðtÞ=25 _lðtÞ 1

2
2

Rc:i:ðtÞ2

R2
cruc:

 !
(5)

applying the conservation of linear momentum (Newton’s
second law)

dðMcvcÞ
dt

5Fext ðtÞ (6)

and substituting Eqs. 4 and 5 into Eq. 6 results in

Figure 1. Schematic of the Cz crystal growth process
with the realistic geometry of the process
given in the left figure side, and geometric
simplifications and parameters given in the
right figure side.
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qcVcðtÞ€lðtÞ
1

2
2

Rc:i:ðtÞ2

R2
cruc:

 !
1qcVcðtÞ _lðtÞ

22Rc:i:ðtÞ _Rc:i:ðtÞ
R2

cruc:

� �

1qc
_lðtÞ 1

2
2

Rc:i:ðtÞ2

R2
cruc:

 !
Vc

_
ðtÞ5Fext ðtÞ (7)

The crystal growth rate can be formulated as a function of
heat fluxes in the solid–liquid interface as following47

_lðtÞ5 Us2Ul

pR2
c:i:qcDH

(8)

Considering the constant heat flux at the interface

_lðtÞ5 Cgrowth

Rc:i:ðtÞ2
(9)

where

Cgrowth 5
Us2Ul

pqcDH
(10)

Cgrowth depends on the heat fluxes and material charac-
teristics at the interface. Substituting Eq. 9 into Eq. 7
results in

qcVcðtÞ
2

€lðtÞ1qcpCgrowth

1

2
2

Rc:i:ðtÞ2

R2
cruc:

 !
_lðtÞ5Fext ðtÞ (11)

Finally, in the state space form, we denote x1ðtÞ5lðtÞ,
x2ðtÞ5iðtÞ, and x3ðtÞ5VcðtÞ, so the model is given as

_x1ðtÞ5x2ðtÞ

_x2ðtÞ5
2

qcx3ðtÞ
Fext ðtÞ2qcpCgrowth

x2ðtÞ
2

2
Cgrowth

R2
cruc:

� �� �

_x3ðtÞ5pCgrowth

(12)

and the crystal radius, Rc:i:, as the output is given as

Rc:i:ðtÞ5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cgrowth

x2ðtÞ

s
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cgrowth

_lðtÞ

s
(13)

The crystal growth process starts with inserting seed
crystal into the melt and, therefore, the initial condition for
Eqs. 12 and 13 are the initial dimensions of the seed crystal.
Specifically, the initial crystal volume is denoted by
x3ð0Þ5Vc0.

Remark. In the Cz crystal growth process, the Young–
Laplace force acts on the solid crystal. In the above deriva-
tion of the growth dynamics of the Cz crystal growth, the
Young–Laplace force is neglected. This force is usually
approximated by hydrostatic force (first term) and the verti-
cal component of the surface tension (second term),47 is
described as below

FY:L:5pgqlR
2
c:i:h1pgqla

2Rc:i:cosða01acÞ (14)

where, a is the Laplace constant, a0 and ac are the

growth and capillary angles, ql is the liquid density, and

g is the gravitational constant. In this work, the meniscus

shape is considered to be constant, therefore, the Young–

Laplace force can be calculated and incorporated into the
system as a known disturbance. The crystal radius, Rc:i:,

and meniscus height, h, are measured and the capillary

angle can be calculated from the Young–Laplace

equation10

h5a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12sin ða01acÞ
11a=ð

ffiffiffi
2
p

Rc:i:Þ

s
(15)

Growth control

An important objective in the Cz process is to regulate the
crystal radius at a constant value along the crystal length
during the process. To achieve this goal, a controller is
designed based on the input–output linearization of the
growth model to regulate the radius at the desired prespeci-
fied crystal radius. Assuming the pulling force as an input to
the growth model and the radius of the crystal as an output,
the input–output relation is obtained as

dRc:i:

dt
5

Rc:i:

2ðt1Vc0=pCgrowth Þ
2

R3
c:i:

qcpC2
growth ðt1Vc0=pCgrowth Þ

FðtÞ

(16)

where Rc:i:, the crystal’s radius, is the process output, FðtÞ5

Fext ðtÞ1
qcpC2

growth

R2
cruc:

is the input to the growth model, Vc0 is the

crystal’s initial volume. Using the input–output linearization
and defining F(t) as

FðtÞ5
qpC2

growth

2R2
c:i:

2
qpC2

growth ðt1Vc0=pCgrowth Þ
R3

c:i:

umech:ðtÞ (17)

Equation 16 is transformed into _rðtÞ5umech:ðtÞ. As it can
be seen, the radius can be manipulated directly by umech:ðtÞ.
To regulate the radius at a prespecified desired constant
value Rd, the control law is chosen to be
umech:ðtÞ52KðRc:i:2RdÞ, where K is a positive number.
Therefore, the following control action is derived to stabilize
the process at the constant radius Rd.

Fext ðtÞ5qcpC2
growth

1

2Rc:i:ðtÞ2
2

1

R2
cruc:

 !
1KqpC2

growth

t1
Vc0

pCgrowth

� �
Rc:i:ðtÞ2Rd

Rc:i:ðtÞ3
(18)

where K is the controller gain determined in the ensuing sec-
tion to compensate the parametric uncertainty in the crystal
growth rate.

Modeling uncertainties and disturbance rejection

The main assumption in the mechanical modeling in the
previous section is that the heat flux at the solid-melt inter-
face is constant. However, the heat flux across the solid-melt
interface changes during the process and the dominant heat
transfer is the melt heat lost through the solid-melt interface.
Therefore, in this section, we account for this assumption by
considering a parametric uncertainty to the dynamic model
given by Eq. 12. The deviation of heat flux at the solid-melt
interface is considered as heat fluctuations and is defined as
d(t), where

Us2Ul

pqcDH
5Cgrowth 1dðtÞ (19)

The controller synthesis is based on constant heat fluxes
and the deviation from this constant value results in a pro-
cess model with a similar structure as given by Eq. 12. The
resulting model is given as follows
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_x1ðtÞ5x2ðtÞ

_x2ðtÞ5
2

qcx3ðtÞ
Fext ðtÞ2qcpðCgrowth 1dðtÞÞ x2ðtÞ

2
2

Cgrowth 1dðtÞ
R2

cruc:

� �� �

_x3ðtÞ5pðCgrowth 1dðtÞÞ
(20)

Rc:i:ðtÞ5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðCgrowth 1dðtÞÞ=x2ðtÞ

q
(21)

Applying the control law given by Eq. 18 to the model,
Eqs. 20 and 21, result in the following relation

_Rc:i:ðtÞ5
� Rc:i:ðtÞ

2ðt1Vc0=pðCgrowth 1dðtÞÞÞ2Kð12�ÞðRc:i:ðtÞ2RdÞ

(22)

where E512
C2

growth

ðCgrowth 1dðtÞÞ2 and d(t) is the deviation from the

nominal value of Cgrowth. The crystal growth rate is assumed
to vary from no crystallization to fast crystallization rates
and then it can be concluded that dðtÞ 2 ð2Cgrowth ;1Þ,
while � in Eq. 22 is � 2 ð21; 1Þ. The second term in Eq. 22
is negative for all � and the first term is negative for
� 2 ð21; 0Þ. For � 2 ð0; 1Þ, the stability of the controller is

guaranteed by defining K to have _Rc:i:52lðKÞðRc:i:2RdðtÞÞ.
K is calculated as

K >
p

2Vc0C2
growth

DðCgrowth 1DÞð2Cgrowth 1DÞ (23)

where D is an upper limit for disturbance d(t),
2Cgrowth < dðtÞ < D.

The control law, despite the uncertainty in the crystal
growth rate, stabilizes the crystal radius at the desired
value. The lower bound on parametric uncertainty, d(t), is
2Cgrowth which corresponds to no solidification in the pro-
cess and it is assumed that no crystal melting happens dur-
ing the process. As long as the crystallization rate is
positive (D > 2Cgrowth ), the robustness of the control law
suffices for regular process operation (where no melting
happens). The advantage of the proposed controller is that
the controller stabilizes the crystal diameter despite the
uncertainty in nonmodeled thermal dynamics and effects at
the crystal-melt interface. In other words, the radius control
synthesis is decoupled from the phenomena that can
adversely affect the crystallization rate and the radius
growth.

Remark. The crystal growth model and control strategy
provided in this section is a simple and effective representa-
tion of the crystal growth dynamics used to demonstrate
time-varying effects and coupling between the crystal growth
and temperature distribution. However, more complex mod-
els (e.g., considering capillary forces, the meniscus dynam-
ics, etc.) can be realized and replaced with presented model

Heat Transfer Model

A comprehensive model of the Cz crystal growth process
concerning heat conduction, fluid flow in the crucible, capil-
lary forces at the crystal-melt interface, heat radiation, and
mechanical pulling dynamics can be found in literature.1,4,6,7

This article is concerned with the temperature distribution
and heat transfer time evolution in a solid crystal as a foun-
dation for the full state feedback control synthesis, and,
therefore, domain geometry of a grown crystal is of para-
mount importance in modeling efforts.

The crystal domain evolution is determined by the crystal
radius and length evolution during the process and is pro-
vided in Crystal growth model and radius regulation section.
In the Cz crystal growth process, the heat transfer within the
solid crystal is described by the conduction-convection PDE
model given by Eq. 24, where convective terms are mani-
fested by the growth velocity of boundaries. Figure 2 shows
the process domain with simplifications made on the crystal
domain along with boundary conditions. For modeling pur-
poses, the crystal domain is assumed to be rectangular and
heat transfer equations are written over the rectangular
domain. Two-dimensional Cz growth process’ temperature
dynamics is described by the following PDE, see [1,12]

Pe
@xðr; z; tÞ

@t
5r � ðkrrxðr; z; tÞÞ2PeVðr; z; tÞ � rxðr; z; tÞ

(24)

where xðr; z; tÞ is the temperature field and r is the spatial
gradient operator in the cylindrical coordinate system, Pe5

qcCpv0Rcruc:=ks is the Peclet number, and v0, Rcruc:, ks, and kr

are the nominal growth rate, crucible radius, regional thermal
conductivity, and conductivity ratio, respectively and Vðr; z; tÞ
is the velocity vector field over the entire crystal domain.
The PDE is written as an appropriately scaled time-varying
moving boundary temperature model dynamics with
neglected boundary velocity along the radial direction.
Therefore, the temperature evolution is given by the PDE
given as follows

@x

@t
5

1

r

@

@r
k0r

@x

@r

� �
1k0

@2x

@z2
2VzðtÞ

@x

@z
(25)

where k051=Pe and VzðtÞ is the bulk movement velocity
along the axial direction. The thermal conductivity ratio is
equal to one for the crystal, kr5ks=ks51.

The boundary conditions along with the boundary actua-

tion are shown in Figure 2. The control actuation is placed

at the crystal boundary and assumed to be at a fixed height

from the crucible, which means that the actuation location

changes with respect to the crystal as it grows. Solidification

happens at the melt-solid interface and the temperature is

assumed to be the solidification temperature at this boundary.

Hence that, this boundary condition at the interface decou-

ples the heat transfer in the crystal and the melt. Moreover,

Figure 2. Geometric approximation along with the
boundary conditions are given in left figure
side, and the actuation profile function, fðz; tÞ
in Eq. 39, is given in right figure side.
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the process is axisymmetric (no flux at r 5 0) and at all other

boundaries, the zero flux condition is assumed. The boundary

conditions are given as

x

����
z50

50;
@x

@z

����
z5lðtÞ

50;
@x

@r

����
r50

50 (26)

@x

@r

����
r5RcðzÞ;z<z1ðtÞ

50;
@x

@r

����
r5RcðzÞ;z>z2ðtÞ

50;

@x

@r

����
r5RcðzÞ;z1ðtÞ<z<z2ðtÞ

5
QðtÞ
Pe

5uth:ðtÞ
(27)

where RcðzÞ and l(t) are the crystal radius and length, respec-
tively; Q(t) is the heat flux from heaters; z1ðtÞ and z2ðtÞ indi-
cate the spatial interval where the heater is placed, and RcðzÞ,
l(t), z2ðtÞ, and z2ðtÞ are determined from the crystal growth
dynamics given by Eq. 12 and the height of the melt in cruci-
ble is given by Eq. 3. The Dirichlet boundary condition at the
melt/solid interface to decouple the heat transfer in the solid
crystal from the melt temperature.12–14 The initial condition
for temperature distribution xðr; z; 0Þ is the equilibrium temper-
ature distribution over the crystal. The temperature evolution
model of the grown crystal consist of a parabolic PDE model
(Eq. 25) along with boundary conditions (Eqs. 26 and 27).

For temperature estimation or control purposes, one needs
to consider coupled Ordinary and Partial Differential Equa-
tion (ODE-PDE) equations given by Eqs. 12 and 25–27. The
coupling between ODE and PDE systems is through the
PDE’s spatial domain which is determined by the crystal’s
radius and length evolution.

Parabolic PDE model representation

Parabolic PDEs can be modeled and numerically solved by
the finite-difference method (FDM) and/or FEM.48 Despite
the accuracy of numerical solutions by FDM and FEM, due
to the large scale numerical realizations of these methods,
they are not suitable for model-based control/estimation pur-
poses. Spectral methods (e.g., Galerkin’s method) allow para-
bolic PDEs to be reduced to a low-order dynamic system
representation which can be easily used for control synthe-
sis.16 To obtain a low-order model, we utilize a general opera-
tor representation of the parabolic PDE system. In particular,
the infinite-dimensional representation of a parabolic PDE on
the time invariant domain can serve as basis for appropriately
defined approximations on the time-varying domain within
parabolic PDE representation setting. However, the use of the
operators and defining Hilbert space needs to be carefully
considered. The idea is to utilize already existing methods and
formulations of parabolic PDEs for fixed domains, and to
assure that we can consider a slow grown crystal domain evo-
lution as a large set of well defined fixed domains that can
take standard form of well defined Hilbert spaces. In particu-
lar, let Xt 2 R2 be the spatial domain of the crystal at time
instance t 2 ½0;T�, and @Xt be the boundary of the domain Xt

(rectangular boundary as shown in Figure 2). To define the
appropriate basis, we define X as the union of all possible
domains in t 2 ½0;T� given as13

X5 [
t2½0;T�

Xt3ftg (28)

Note that, X is a fixed open set in R2 with smooth bound-
ary @X such that Xt � X for all t 2 ½0;T�. Assume f/iðn; tÞg
is a family of orthonormal functions defined on a subset Xt

for every t 2 ½0; T� and forms a basis of L2ðXtÞ. To define a

set of eigenfunctions for X, we define the complement of Xt

as Xc
t in the fixed domain X, the functions f/iðtÞg can be

extended to the fixed domain X as follow

/ðn; tÞ5
/ðnÞ for n 2 Xt;

0 for n 2 Xc
t

(
(29)

where Xc
t is the complement of Xt in X. The inner product

on L2ðXÞ, is defined as

h/ðtÞ;wðtÞiL2ðXÞ5

ð
X
/ðn; tÞwðn; tÞdn

5

ð
Xt

/ðnÞwðnÞdn5h/ðtÞ;wðtÞiL2ðXtÞ (30)

Implementing the formulation given by Eqs. 28–30, the
parabolic PDE model, given by Eq. 25, along with boundary
conditions, given by Eqs. 26 and 27, is written in the state
space formulation on a fixed domain following the formula-
tion given by Ref. 16 as

@xðtÞ
@t

5AðtÞxðtÞ (31)

BðtÞxðtÞ5½0; uth:ðtÞ; 0�T (32)

where xðtÞ 2 L2ðXÞ is the state of the system. The operator
AðtÞ is given by

AðtÞ5 1

r

@

@r
k0r

@

@r

� �
1k0

@2

@z2
2VzðtÞ

@

@z
(33)

with the domain

DðAðtÞÞ5 / 2 L2ðXÞ : /;
@/
@z
;
@/
@r

are a:c:andAðtÞ/ 2 L2ðXÞ;
�

(34)

/ðr; 0; tÞ50;
@/
@r
ð0; z; tÞ50;

@/
@r
ðr; lðtÞ; tÞ50g

where a.c. means absolutely continuous, l(t) and RcðzÞ are
the crystal length and radius, respectively. The boundary
operator BðtÞ : L2ðXÞ ! R3 represents the boundary condi-
tions in Eq. 27 and is given by

BðtÞ/5

@/
@r
jr5RcðzÞ;z<z1ðtÞ

@/
@r
jr5RcðzÞ;z>z2ðtÞ

@/
@r
jr5RcðzÞ;z1ðtÞ<z<z2ðtÞ

2
66666664

3
77777775

(35)

The transformation, pðtÞ5xðtÞ2bðr; z; tÞuth:ðtÞ, with func-
tion bðr; z; tÞ satisfying,

BðtÞbðr; z; tÞuth:ðtÞ5½0; uth:ðtÞ; 0�T (36)

transfers the PDE model, Eqs. 25–27, to the following PDE
with in-domain actuation

dpðtÞ
dt

5ApðtÞ1AbðtÞuth:ðtÞ2bðtÞ _uth:ðtÞ2 _bðtÞuth:ðtÞ (37)

where the new AðtÞ operator is defined as

AðtÞ5 1

r

@

@r
k0r

@

@r

� �
1k0

@2

@z2
2VzðtÞ

@

@z
(38)

with the domain DðAðtÞÞ5DðAðtÞÞ \ ker BðtÞ.
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The spatial actuation profile function bðr; z; tÞ satisfying
Eq. 36 is not unique and it only requires to satisfy Eq. 36. In
this work, bðr; z; tÞ is considered as the following function

bðr; z; tÞ5 r2

2Rc:i:ðtÞ
f ðz; tÞ1 z222lðtÞz

lðtÞ2
(39)

In Eq. 39, Rc:i:ðtÞ and l(t) are time-varying and are deter-
mined by the growth dynamics, from Eqs. 12, while f ðz; tÞ is
the actuation profile at the boundary in axial direction, which
indicates the interval that reflects input flux to the system
(see Figure 2).

Low dimensional model

The PDE represented by Eq. 25 along with boundary con-
ditions in Eqs. 26 and 27 is transformed into Eq. 37 using
the transformation xðtÞ5pðtÞ1bðr; z; tÞuth:ðtÞ. To reduce the
infinite-dimensional representation of the process to a finite-
dimensional model, Galerkin’s method is used where only a
finite number of eigenfunctions is used to describe the PDE
state.

The eigenvalue problem, AðtÞU5kðtÞU, is considered with
homogenous boundary conditions

Uð0; r; tÞ50;
@U
@z
jz5lðtÞ50

@U
@r
jr5050;

@U
@r
jr5Rc ðtÞ50

Solving the eigenvalue problem for the radial and axial
directions yield to a family of time-parametrized eigenfunc-
tions, /mðz; tÞ;wnðr; tÞ

/mðz; tÞ5
lðtÞ
2

2
sin ð2amlðtÞÞ

4am

� �
e

VzðtÞz
2k0 sinðamzÞ (40)

where am is the mth root of the transcendental equation

tan ðamlðtÞÞ52
2k0

Vz
am (41)

and,

wnðr; tÞ5
ffiffiffi
2
p

RcðtÞJ0ðbnÞ
J0ðbnr=RcðtÞÞ (42)

where J0ðrÞ is the Bessel function of the first kind and zero
order, and bn is the nth root of the J1ðbnÞ50. The corre-
sponding eigenvalues are

kmnðtÞ52k0ða2
m1b2

nÞ2
1

2
k21

0

VzðtÞ2

2
(43)

with corresponding functions

Umnðr; z; tÞ5/mðz; tÞwnðr; tÞ (44)

The weighted norm over the spatial domain is defined as

h/i;wjir5

ð
X
/iðz; tÞwjðr; tÞrðr; z; tÞdX (45)

where rðr; z; tÞ is defined as

rðr; z; tÞ5rrðrÞrzðzÞ5re2
VzðtÞ

k z (46)

such that the operator is self-adjoint with respect to rðr; z; tÞ.
Then, from Eq. 37, we can obtain an extended state space

system, with state peðtÞ5½uth:ðtÞ; pðtÞT �T , on the extended Hil-

bert space, He5H�R which leads to the following time-
varying boundary control problem

dpeðtÞ
dt

5
0 0

AðtÞbðtÞ2 _bðtÞ KðtÞ1DðtÞ

" #
uth:ðtÞ

pðtÞ

" #

1
1

2bðtÞ

" #
~uth:ðtÞ5AeðtÞpeðtÞ1BeðtÞ~uth:ðtÞ (47)

y5Tðr; z; tÞ5CeðtÞpe (48)

where pe5½uth:ðtÞ pT �T is the extended state, ~uth:ðtÞ5 _uth:ðtÞ,
KðtÞ is associated with the eigenvalues of AðtÞ and DðtÞ is
associated with the time-varying effects of the eigenfunc-
tions. y5Tðr; z; tÞ is the system output, where CeðtÞ is the
output operator which denotes the output measurements. DðtÞ
is expressed as follows

Dði; jÞ5hUi;
@Uj

@t
ir (49)

Equation 47 is the infinite-dimensional representation of
the parabolic PDE of Eq. 37, accounting for the time-
varying domain geometry. The process model in Eq. 47 has
eigenvalues given by the KðtÞ which may be perturbed by D
ðtÞ terms evolution. Therefore, the time-varying domain
effects, DðtÞ, can influence diagonal matrix KðtÞ. In the next
section, it is demonstrated that the matrix DðtÞ is diagonal
with negative entries implying that the time-varying domain
will not destabilize the system. From Eq. 47, one concludes
that the process is driven by the derivative of input and
through the boundary actuation transformation b(t).

Effect of time-varying domain

It can be shown that the effects of the time-varying
domain result in off-diagonal terms evolution given in Eqs.
47–49. Careful inspection of the inner product in Eq. 49
reveals that after a finite-time passed, the off-diagonal terms

will vanish. To calculate hUi;
@Uj

@t ir, assume, Uiðr; z; tÞ5/mðz;
tÞwnðr; tÞ and Ujðr; z; tÞ5/qðz; tÞwsðr; tÞ, where m; n; q; s are

integer numbers according to Eq. 44. Dði; jÞ given by Eq. 47
is written as

Dði; jÞ5hUi;
@Uj

@t
ir5h/m;/qirz

hwn;
@ws

@t
irr

1h/m;
@/q

@t
irz
hwn;wsirr

(50)

The eigenfunctions in each direction (radial or axial) are
orthonormal and then the inner product in Eq. 50 can be
written as

Dði; jÞ5

0 if m 6¼ q & n 6¼ s

hwn;
@ws

@t
irr

if m5q & n 6¼ s

h/m;
@/q

@t
irz

if m 6¼ q & n5s

h/m;
@/q

@t
irz

1hwn;
@ws

@t
irr

if m5q & n5s

8>>>>>>>>>><
>>>>>>>>>>:

(51)

To explore the influence of the terms contained in DðtÞ on
the model dynamics given by Eq. 47, the eigenfunctions are
investigated. Namely, in the case when the radius controller
provided in Eq. 18 stabilizes the crystal at a desired constant
radius such that it can be assumed that _Rc:i:ðtÞ ! 0, and
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which leads according to Eq. 13, to the constant crystal
growth rate _lðtÞ. Consequently, the constant crystal radius in
Eq. 42 results in time-invariant eigenfunctions in radial
direction such that 	

wn;
@ws

@t



rr

50 (52)

To calculate the remaining terms in Eq. 51, the roots of
Eq. 41 are approximated by am5 1

lðtÞ ðmp2 p
2
Þ (see Figure 3).

The eigenfunctions in Eq. 40 can then be simplified as

/mðz; tÞ5
lðtÞ
2

e
VzðtÞz
2k0 sinðamzÞ (53)

and the remaining term in Eq. 51, h/m;
@/q

@t irz
, is calculated

analytically as follows

h/m;
@/q

@t
irz5

1

2
VzðtÞ

ðlðtÞ

0

sinðamzÞ sinðaqzÞdz1
1

2
lðtÞ _aqðtÞðlðtÞ

0

sinðamzÞcosðaqzÞzdz (54)

which leads o

h/m;
@/q

@t
irr

52
VzðtÞlðtÞ

8
dmq (55)

where, l(t) and VzðtÞ are crystal length and pulling velocity,
respectively, and dmq is the Kronecker delta. The time-

varying effect represented by Dði; jÞ is reduced to a diagonal
matrix using Eqs. 51–55 and the eigenvalues of the system
represented in Eq. 47, ke

i ðtÞ can be expressed as

ke
i ðtÞ5kiðtÞ2 VzðtÞlðtÞ

8
. This diagonal form of the infinite-

dimensional representation of temperature dynamics allows
for decoupling between slow and fast modal states and pro-
vides a basis for model reduction of dissipative systems rep-
resented by parabolic PDEs. In other words, a few slow
modes can be chosen to model the temperature dynamics
with high accuracy.

Observer Design and Temperature Estimation

The finite-dimensional representation of the temperature
dynamics, given by Eq. 47, is used for temperature estima-
tion. Temperature measurements are available at crystal
boundaries and can be used to reconstruct the temperature
field over the entire domain using a few most dominant and
slow modes.

It can be shown that point temperature measurements at
boundary with the Neumann boundary condition is enough
for the entire temperature profile reconstruction. Assume
the measurements are carried out at point r�; z�ð Þ. Then the
temperature measurement, xðr�; z�; tÞ, can be written as
follows

xðr�; z�; tÞ5bðr�; z�; tÞuth:ðtÞ1
X1
i51

piUiðr�; z�; tÞ5CeðtÞpeðtÞ

(56)

where bðr�; z�; tÞ is the boundary transformation function in
Eq. 39, uth:ðtÞ is the heat flux input, pi is the ith mode, Uiðr�
; z�; tÞ is the ith eigenfunction evaluated at the measurement
point, peðtÞ is the extended state vector, and CeðtÞ is the out-
put operator defined as follow

CeðtÞ5½bðr�; z�; tÞ; U1ðr�; z�; tÞ; U2ðr�; z�; tÞ; . . .� (57)

Since the input uth:ðtÞ is known, the approximate observ-

ability matrix, ON115½CeT ;AeTCeT ; :::�T , for the system
given by Eq. 47, for the first N modes is reduced and can be
expressed as Eq. 58. Note that, as uth:ðtÞ is known and meas-

urable, rank ðON11Þ5rank ðONÞ11

ON5½CT ;ATCT ; :::;AN21TCT �T (58)

where C5½U1;U2; . . . ;UN �ðr�;z�;tÞ and A5KðtÞ2 VzðtÞlðtÞ
8

I.

Using a linear transformation, the matrix ON can be trans-

formed into ½CT ;KTCT ; :::;KN21TCT �T which has the same

rank as ON

rankðONÞ5rank

U1 U2 . . . UN

k1U1 k2U2 . . . k1UN

� � . .
.

�

kN21
1 U1 kN21

2 U2 . . . kN21
1 UN

0
BBBBBB@

1
CCCCCCA
ðr�;z�;tÞ

The observability matrix is full rank if the eigenvalues do
not vanish at the measurement point. Therefore, a single
measurement at the boundary with the Neumann condition
will suffice to satisfy the approximate observability condi-
tion. Note that the observability matrix for the parabolic
PDE with time-varying domain reduces to the standard
approximate observability matrix (see [49]).

To accomplish model order reduction, modal decomposi-
tion is used to model the parabolic PDE, given by Eq. 24,
and reduce the temperature evolution to a low dimensional
ODE. As expected in the case of parabolic PDEs, the few
most dominant modes of the system can reconstruct the tem-
perature profile with high accuracy. Furthermore, a Luen-
berger observer is used to estimate the most dominant modes
and to reconstruct the temperature profile. To make relevant
comparison with our findings, we also develop a high fidelity
FEM model of the crystal growth PDE as our plant. The
FEM model is constructed on the realistic and noncylindrical
crystal geometry with boundary actuation. A mesh moving
scheme is utilized to discretize the time-varying domain to

Figure 3. Roots of Eq. 41 are shown to be approxi-
mated by mp2 p

2.
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develop the FEM model of the process. A point measurement
is used for the state reconstruction and is taken at the crystal
boundary (shown in Figure 2). In our simulation studies and
analysis temperature measurement from the FEM model is fed
back to the observer and the temperature distribution is recon-
structed. The estimation strategy is shown in Figure 4. The
Luenberger observer is utilized given as follow

dp̂eðtÞ
dt

5AeðtÞp̂eðtÞ1BeðtÞ~uth:ðtÞ1LðtÞðyðtÞ2ŷðtÞ Þ (59)

where AeðtÞ;BeðtÞ are given in Eq. 47. L(t) is the observer
gain and is evaluated at each time step to place the eigenval-
ues of the error dynamics, AeðtÞ2LðtÞCeðtÞ, at prespecified
values.

The proposed observer estimates the temperature distribu-
tion evolution in grown crystal and to utilize the recon-
structed temperature distribution for feedback control
purposes, we need to explore the separation principle to
ensure the stability of the closed loop process when output
regulation—which includes the gain-based feedback and
observer—is used. We assume that there exists a stabilizing
control law uth:ðtÞ52FpðtÞ for the temperature distribution
model, given by

d

dt

uth:ðtÞ

pðtÞ

 !
5

0 0

AðtÞBðtÞ AðtÞ

 !
uth:ðtÞ

pðtÞ

 !
1

I

2BðtÞ

 !
~uth:ðtÞ

(60)

y5Tðr; z; tÞ5ðCðtÞBðtÞ CðtÞÞ
uth:ðtÞ

pðtÞ

 !
(61)

where AðtÞ, AðtÞ, BðtÞ, and CðtÞ are the operators introduced
in Parabolic PDE model representation section. The proposed
temperature estimation in Eq. 59 is written as

dp̂ðtÞ
dt

5Ap̂ðtÞ1AButh:ðtÞ2B~uth:ðtÞ1LðtÞðyðtÞ2Cp̂ðtÞ2CButh:ðtÞÞ

(62)

the time notation is not shown for a simpler representation.
Substituting uth:ðtÞ52Fp̂ðtÞ, the actual and estimated modes
are given by

dpðtÞ
dt

5ApðtÞ2ABFp̂ðtÞ1BF _̂pðtÞ (63)

dp̂ðtÞ
dt

5Ap̂ðtÞ2ABFp̂ðtÞ1BF _̂pðtÞ1LCðpðtÞ2p̂ðtÞÞ (64)

Assuming the error eðtÞ5pðtÞ2p̂ðtÞ, Eqs. 63 and 64 can
be written as

½I2BF� _̂p ðtÞ5½A2ABF�p̂ðtÞ1LCeðtÞ _eðtÞ5½A2LC�eðtÞ

or alternatively as

_pðtÞ5C21½A2ABF�pðtÞ1½ðI2C21ÞðA2LCÞ1C21
ABF�eðtÞ

_eðtÞ5½A2LC�eðtÞ

where C5ðI2BFÞ. The unified closed loop system is given
by

_pðtÞ

_eðtÞ

 !
5

C21ðA2ABFÞ ðI2C21ÞðA2LCÞ1C21
ABF

0 A2LC

 !

pðtÞ

eðtÞ

 !
(65)

The operators A and A are identical operators with differ-
ent domains, however, DðAÞ � DðAÞ and Eq. 65 can be
written as

_pðtÞ

_eðtÞ

 !
5

C21AC ðI2C21ÞðA2LCÞ1C21
ABF

0 A2LC

 !
pðtÞ

eðtÞ

 !

5A
pðtÞ

eðtÞ

 !
(66)

where the eigenvalues of the unified system, A, are given as
rðAÞ5rðC21ACÞ [ rðA2LCÞ. C is assumed to be invertible
and, therefore, rðAÞ5rðAÞ [ rðA2LCÞ. Since the operator A
is stable and the eigenvalues of A2LC are placed at prespecified
locations, the unified closed loop system of control and state esti-
mation, Eq. 66, is stable and the separation principle holds. It is
concluded that the proposed observer can be utilized for state
reconstruction in output feedback regulation frameworks.

Figure 4. Temperature distribution reconstruction algorithm and the coupling between crystal growth and temper-
ature dynamics.
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Numerical Simulation Results

The proposed radius control and temperature reconstruc-
tion is simulated numerically and is validated by implement-
ing on a FEM model of the process (see Figure 4). The
considerations regarding numerical implementation and
results of radius control and temperature reconstruction are
explained in the following paragraphs. The parameters used
for numerical simulation are presented in Table 1.

The FEM model of heat conduction in the crystal with
noncylindrical and time-varying domain is utilized as the
plant in numerical simulations. The crystal domain move-
ment is obtained from crystal radius and length evolution
dynamics, Eqs. 20 and 21, and a mesh moving scheme is uti-
lized to discretize the time-varying geometry of the domain
in developing the finite-element model of the process. Due
to the fact that the evolution of the crystal domain is known
from the crystal growth dynamics, the Arbitrary Lagrangian
Eulerian method48 is used to spatially discretize the domain
of interest as shown in Figure 5. The finite-element mesh
consists of 10320 two-dimensional linear 4-node elements
which discretizes spatial geometry to 220 degrees of free-
dom. The evolution of the time-dependent set of ordinary
differential equations obtained from the finite-element model
is realized by first-order implicit time integration with the
time step dt 5 0.01.

The parabolic PDE, Eq. 25, is represented by a finite-
dimensional model, Eq. 37, using computational framework
of the Galerkin’s method. The Galerkin’s method on a fixed
domain is a well-known method for order reduction of para-
bolic PDE equations, but in the case of a time-varying
domain, few considerations should be taken into account.
Temperature distribution evolution in growing crystal is rep-
resented by evolution of both the spectral modes, p(t), and
the basis eigenfunctions, Uiðr; z; tÞ. Hence, due to the time-
varying nature of the process, the basis eigenfunctions,

obtained from eigenvalue problem, will be also time-varying.
To integrate the modes in time and calculate the modes and
temperature distribution evolution, the modes evolution are
calculated on a fixed domain and then the resulting tempera-
ture distribution is mapped into the time evolved new geom-
etry; then the modes are recalculated by simple projection
on the new evolved geometry configuration. The algorithm
used for numerical implementation of the Galerkin’s method
on the time-varying domain is given by Table 2. The geome-
try and temperature mappings between different domain con-
figurations are carried out using a property preserving
transformation which preserves the total thermal energy over
the domain. The domain configuration is obtained from the
crystal radius and length evolution. For a slow time-varying
process, the geometry mapping between different domain
configurations, T : ðr; zÞ 2 Xt0 ! ðr̂ ; ẑÞ 2 Xt, is assumed to
be smooth and invertible and consequently, the temperature
transformation is given as, TXt

ðr; zÞ5J21TXt0
ðr; zÞ, where

J21 is the determinant of the inverse of the Jacobian matrix,
J5@ðr; zÞ=@ðr̂; ẑÞ.50

As the heat flux is provided through an interval on the
boundary, the actuation structure is described by a step func-
tion in the z direction, see Figure 2. This function is
smoothed out using the sigmoid function to avoid discontinu-
ity when transforming the temperature profile using the
transformation xðtÞ5pðtÞ1bðr; z; tÞuthðtÞ. Using the step-like
function for actuation and boundary conditions, avoids the
Neumann and Dirichlet boundary condition mismatch at cor-
ner points. Moreover, as aforementioned, the Galerkin
decomposition and reduction of the PDE is carried out with
the assumption that the domain is rectangular and the radius
variation along the crystal is ignored.

In the Galerkin’s method, the low dimensional model with
twelve dominant modes is used for temperature simulation.
Figure 6 shows the obtained first three eigenvalues using
Galerkin’s method compared to the most dominant eigenval-
ues of the finite-element analysis. As it can be seen, the

Table 1. Physical and Numerical Parameters

Parameter Value
Dimensionless

Value

Solidification temperature, Ts 1430�C 0
Crystal density, qc 2420 kg=m 3 –
Scaled conductivity, k0 – 0.025
Peclet number, Pe – 0.1
Time scale 87 min 1
Sampling time 1 samples/min 0.01
Spatial discretization – 40,100
Nominal crystal growth rate 5 cm/h –
ODE controller gain, K 0.005 –
Crucible radius, Rcruc: 7.3 cm 1
Initial crystal radius 3.5 cm 0.48
Desired crystal radius 5 cm 0.68
Initial crystal length 7.3 cm 1

Figure 5. Moving mesh used for FE analysis.

Table 2. Numerical Algorithm for Implementation of Galerkin’s Method on Time-Varying Domain

t5t0: piðt0Þ5hTXt0
ðr; z; t0Þ;Uiðr; z; t0Þi Obtain the modes at t0 on domain Xt0 by projecting

temperature on Uiðr; z; t0Þ.
peðt01DtÞ5peðt0Þ1ðAeðt0Þpeðt0Þ1Beðt0Þ~uth:ðt0ÞÞDt Evolve the modes in time on domain configuration Xt0 .

Taux
Xt0
ðr; z; t01DtÞ5

PN
i51 piðt01DtÞUiðr; z; t0Þ Obtain temperature distribution calculated on domain Xt0

using evolved modes.

T : ðr; zÞ 2 Xt0 ! ðr̂ ; ẑÞ 2 Xt01Dt Obtain new domain configuration from growth dynamics.

TXt01Dt
ðr; z; t01DtÞ5J21Taux

Xt0
ðr; z; t01DtÞ Map the temperature distribution to new domain configuration Xt01Dt.

t5t01Dt: piðt01DtÞ5hTXt01Dt
ðr; z; t01DtÞ;Uiðr; z; t01DtÞi Obtain the modes at t01Dt on domain configuration Xt01Dt

by projecting temperature on Uiðr; z; t01DtÞ
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time-varying behavior of eigenvalues are close enough to
represent the model by the Galerkin’s method. It can be
inferred that refining the mesh size in FEM will decrease

the deviation between eigenvalues obtained from these
methods.

The estimation is carried out through the estimation of
the dominant modes using reduced order model of tempera-
ture evolution dynamics. The number of modes to be used
in temperature estimation is determined by the accuracy of
the estimation and a minimum number of the modes is cho-
sen. The first two dominant modes are used for temperature
reconstruction. Hence, using in estimation more than two
modes does not significantly increases the estimation accu-
racy. The estimated modes (dashed lines) along with the
actual modes obtained from reduced order model (solid
lines) are shown in Figure 7. Further, the estimated temper-
ature at two different points (dash-dotted black lines) are
compared to temperatures obtained from the finite-element
analysis (solid black lines) and Galerkin’s method (dashed
black lines) are shown in Figure 8. As it can be seen,
despite the inaccuracy of the reduced order model, esti-
mated temperature asymptotically converges to the actual
temperature. The deviation of the Galerkin’s method from

Figure 7. Estimated modes (dashed lines) compared to
the actual modes (solid lines) for first two
modes of the temperature evolution system.

Figure 6. Time evolution of the most dominant eigen-
values in Galerkin method (dashed lines)
compared to the few slowest eigenvalues of
evolution matrix in finite-element analysis
(solid lines).

Figure 8. Estimated temperature at crystal boundary
(a) and an in-domain point (b) - Solid lines
represent the FEM results, open loop simula-
tion results from Galerkin’s method are pre-
sented by dashed lines, while dash-dotted
lines show the estimated temperatures.

Black lines represent the case with no mismatch in crys-

tal radius in the FEM and the observer model, blue and

red lines demonstrate the case with smaller and larger

crystal radius in the observer model than the FEM,

respectively. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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FEM is due to the present geometric uncertainty in the
crystal domain.

The observer performance is evaluated in the case of a
model-plant mismatch. The crystal radius used for observer
design and the reduced order Galerkin’s model are assumed
to be different than the finite-element numerical model real-
ization. Two cases of 220 and 120% mismatch between
radiuses in the observer and the plant are considered and the
temperature estimation results are shown in Figure 8. The
black lines represent the case with no mismatch while red
lines represent 120% mismatch (radius in observer is greater
than the actual value) and blue lines represent the 220%
mismatch. The reduced order Galerkin model’s result and
the estimated temperature are shown by dashed and dash-

dotted lines, respectively. Figure 8 shows the estimation per-
formance for both cases. As it can be seen the estimation is
more accurate, when a smaller crystal radius is considered in
the observer design. This is due to the geometric uncertainty
in the crystal shape which is assumed to be rectangular and
considering smaller radius for the observer, slightly compen-
sates for this geometric uncertainty and results in a better
estimation.

The contour plots of the temperature distribution in the
crystal at different time instances are shown in Figure 9.
Column A shows the 3-D crystal shape along with the crys-
tal radius evolution as the performance of the radius regula-
tion and the temperature distribution. Column B, C, and D
show the FEM results, estimated temperature and the

Figure 9. Snapshots at different time instances (t50; 10, 50, and 100 min), Column A: 3-D FE simulation of the tem-
perature distribution evolution in the crystal; B: 2-D FEM results; C: Reconstructed temperature distribu-
tion; D: Open loop Galerkin’s method numerical simulation for comparison with FEM.

Note that the initial temperature distribution is not known for the observer at time zero.
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Galerkin’s method simulation results, respectively. At t 5 0,
the temperature distribution in the crystal is unknown and an
arbitrary initial condition is assumed for the observer. As it
can be seen, the estimated temperature profile (Column C)
captures the temperature evolution of the FEM model (Col-
umn B). There is a deviation of the results between FEM
and Galerkin’s method (Column B and D, respectively)
which is due to the uncertainties in the modeling, however
the estimated temperature distribution shows high degree of
agreement with the FEM results.

Conclusions

The coupled model of crystal growth and temperature dis-
tribution evolution in the Cz crystallization process is pro-
vided to describe the radius and temperature evolution in a
time-varying domain. The computational framework of the
Galerkin’s method is implemented for order reduction and
consequently for a low dimensional observer synthesis. The
parametric uncertainty in the crystal growth dynamics and
geometric uncertainty in parabolic PDE of heat conduction
are taken into account in the synthesis of the radius regula-
tion and estimation of temperature distribution in the grow-
ing crystal. The observer utilizes boundary temperature
measurement to reconstruct the crystal temperature distribu-
tion over the entire domain and finally, the obtained reduced
order model and the observer is implemented and validated
on a numerically realized finite-element model of the Cz
crystal growth process. The achieved results show that
despite a parametric uncertainty in the crystal growth rate,
the geometrical uncertainty in the modeling, time-varying
parameters and domain, the reduced order model can be uti-
lized to reconstruct temperature distribution over the entire
crystal domain.

Since the temperature gradients during the crystallization
process have a significant impact on the grown crystal qual-
ity, the reconstructed temperature distribution over the entire
crystal domain can be used as a soft sensor for crystal qual-
ity monitoring purposes. Moreover, to synthesize a tempera-
ture regulation or output feedback controller, the on-line
knowledge of the temperature distribution is necessary. The
developed framework can be utilized as estimation algorithm
along with an output tracking control framework to track a
desired temperature distribution profile to guarantee the pro-
cess stability and crystal quality during the crystallization
process.
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Notation
a0 = capillary angle
ac = growth angle
D = matrix of time-varying effects in eigenvalues

DH = latent heat
� = ratio corresponding to uncertainty in crystallization rate
K = matrix of eigenvalues

kmn = eigenvalues of the heat equation
Ul = heat flux at the interface in the melt
Us = heat flux at the interface in the solid crystal

Umn = eigenfunction of the heat equation
qc = crystal density

ql = liquid silicon density
a = Laplace constant

bðr; z; tÞ = boundary actuation transformation
Cp = heat capacity

Cgrowth = volumetric growth rate
D = bound on the crystallization uncertainty
d = uncertainty in volumetric crystallization rate

f ðz; tÞ = actuation profile
Fext = External pulling force

FY:L: = Young–Laplace force
g = gravitational constant
h = total height of crystal from bottom of crucible

h1 = melt height in crucible
h2 = total length of
K = control gain
k0 = 1=Pe
kr = relative thermal conductivity
ks = regional thermal conductivity
l = crystal length

Mc = crystal mass
p = ransformed temperature distribution

pe = extended states of the heat equation
Pe = Peclet number
Q = heater input

Rc = crystal radius as a function of crystal length
Rd = reference crystal radius

Rc:i: = crystal radius at the interface
Rcruc: = crucible radius
umech: = mechanical input

uth: = thermal input
v0 = nominal growth velocity
Vc = crystal volume
vc = average crystal velocity
Vl = liquid volume

Vm = meniscus volume
Vt = total solid and molten silicon volume
Vz = crystal pulling rate

Vc0 = initial crystal volume
x = temperature distribution

x1 = crystal length
x2 = growth velocity
x3 = crystal volume
z1 = heater location, bottom
z2 = heater location, top
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